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Pion and h8 strings
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In this paper we construct a string-like classical solution, the pion string, in the linear sigma model. We then
study the stability of the pion string and find that it is unstable in the parameter space allowed experimentally.
We also speculate on the existance of an unstable eta prime string, associated with the spontaneous breakdown
of the anomalousUA(1) symmetry in QCD at high temperatures. The implications of the pion and eta prime
strings for cosmology and heavy ion collisions are briefly mentioned.@S0556-2821~98!03414-6#

PACS number~s!: 14.65.Ha, 14.80.Ly
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Strings, as classical solutions in theories with sponta
ously broken symmetries, play an important role in both p
ticle physics and cosmology. Thus it is of crucial importan
to know if strings can exist in realistic models of strong a
electroweak interactions. Recently, in an inspiring paper,
chaspati@1# showed that string-like structures exist in th
standard model of electroweak theory. In this paper, we
consider strings in models with spontaneously broken ch
symmetry of QCD. First of all, we explicitly construct
classical solution, the pion string, in the linear sigma mod
Similar to the Z string, the pion string is not topological
stable. Then we argue for the existence of an eta prime st
at high temperatures.

In recent years, theSUL(2)3SUR(2);O(4) linear
sigma model has been often used as a model of hadron
namics for chiral symmetry breaking in QCD, in particular
studies of the physics associated with the chiral phase t
sition @2# and of the disoriented chiral condensates@3# in
heavy ion collisions. The Lagrangian density of this mode

L5
1

2
~]ms!21

1

2
~]mpW !22

l

4
~s21pW 22 f p

2 !21Hs. ~1!

In this paper, for simplicity, we consider the chiral limitH
50. In our discussion of the pion string it proves convenie
to define the new fields

f5
s1 ip0

A2
, ~2!

p65
p16 ip2

A2
. ~3!

The linear sigma model in Eq.~1! now can be rewritten as

L5~]mf!* ]mf1]mp1]mp22lS p1p21f* f2
f p

2

2 D 2

.

~4!

During chiral symmetry breaking, the fieldf takes on a non-
vanishing vacuum expectation value, which breaksSUL(2)
3SUR(2) down to SUL1R(2). This results in a massive
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sigma and three massless Goldstone bosons. In addition
will demonstrate below that there is a static unstable stri
like solution, the pion string.

For static configurations in Eq.~4!, the energy functional
is given by

E5E d3xF,W f* ,W f1,W p1,W p2

1lS p1p21f* f2
f p

2

2 D 2G . ~5!

The time independent equations of motion are

,2f52lS p1p21f* f2
f p

2

2 Df, ~6!

,2p152lS p1p21f* f2
f p

2

2 Dp1. ~7!

The pion string solution extremizing the energy functional
Eq. ~5! is given by

f5
f p

A2
r~r !einu, ~8!

p650, ~9!

where the coordinatesr and u are polar coordinates in th
x-y plane, and the integern is the winding number. In the
following discusion, we will restrict ourselves ton51.

Substituting Eq.~8! into Eq.~6!, we obtain the equation o
motion for r(r ):

1

r

]

]r S r
]

]r D r~r !2
1

r 2
r~r !5l f p

2 ~r221!r~r !. ~10!

The boundary conditions forr(r ) are

r→0, r~r !→0, ~11!

r→`, r~r !→1. ~12!
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In principle,r(r ) can be determined numerically by sol
ing Eq.~10! with boundary conditions of Eqs.~11! and~12!.
But it is simpler to adopt a variational approach. Followi
the method of Hill, Hodges and Turner@4#, we make an
ansatz of the following form:

r~r !5~12e2mr !, ~13!

wherem is a variational parameter.
Adopting expression~13! as a variational ansatz, it fol

lows that the energy per unit length of the string is

E~pion string!5
1

4
p f p

2 1p f p
2 I u~m,R!1

p

2

89

144
l f p

2
f p

2

m2
,

~14!

where I u(m,R)5*0
`(dr/r )(12e2mr)2' ln(mR) is logarith-

mically divergent, as expected in a theory with global sy
metry breaking. Thus, we introduce a large-scale cutoffR.
However, theR dependence will disappear upon varyin
with respect tom:

]I u~m,R!

]m U
R→`

5
1

m
. ~15!

The solution form is obtained by varying the energ
functional of the pion string in Eq.~14! with respect tom:

m25l
89

144
f p

2 . ~16!

Substituting Eq.~16! into Eq. ~14!, the mass of the pion
string per unit length is

E~pion string!5F3

4
1I u~m,R!Gp f p

2 'F3

4
1 ln~mR!Gp f p

2 .

~17!

The pion string is not topologically stable, since any fie
configuration can be continuously deformed to the vacuu
To study the stability of the pion string, we consider infin
tesimal perturbations of the fieldp6 and check if the varia-
tion in the energy is positive or negative.

Discarding terms of cubic and higher orders inp6, we
find

E5E~pion string!1dE, ~18!

where

dE5E d3x@,W p1,W p21l f p
2 ~r221!p1p2#. ~19!

Following Ref. @5#, we consider an expansion of thep6

fields in Fourier modes:

p15xm~r !eimu. ~20!

Inserting the expressions for themth mode ofp6 in Eq. ~19!
gives
02770
-

.

dE5E 2prdr F S ]xm

]r D 2

1
m2

r 2
xm

2 1l f p
2 ~r221!xm

2 G ,

~21!

where the first term~the kinetic energy part! and the second
term are always positive, but the third term, the poten
energy, is negative. Notice that the second term gives
smallest contribution to the positive energy indE for m50;
so we will focus onm50.

Definingj5 f pr ,x5 f pR, and settingm50, dE becomes

dE52p f p
2 E jdjF S ]R

]j D 2

1l~r221!R2G . ~22!

After an algebraic computation we can rewritedE in the
form

dE52p f p
2 E jdjRÔR, ~23!

where

Ô52
1

j

]

]jS j
]

]j D1l~r221!. ~24!

The question of the stability of the pion string reduces
checking if the eigenvalues of the operatorÔ in its spectrum
are negative, subject to the eigenfunctionR satisfying the
boundary conditionsR(j→0)→ const, andR(j→`)→0.

To simplify the analysis, we take a variational approa
making use of an ansatz of the form@4#

R5s0e2kj~11kj1k1j21k2j3!, ~25!

wheres0 ,k,k1 ,k2 are dimensionless variational paramete
This ansatz has the correct short-distance limit. Note t
k21 represents the size of thep6 condensate on the pio
string. By inserting Eq.~25! into Eq. ~23! it is obvious that
the negative term wins out ifl>1. This implies that the pion
string is unstable in the parameter space allowed@2# experi-
mentally (l;10–20). It can be shown by numerical analys
that dE is positive only for very small values ofl(l
<1028), and hence the pion string is only stable for the
values.

In the early universe and in heavy-ion collisions, pio
strings are expected to be produced and to subsequently
cay. Their lifetime can be estimated by considering their
teractions with the surrounding plasma@6#. Based on a naive
dimensional analysis, their lifetimet should be proportiona
to the inverse of the corresponding temperature. Fo
strongly interacting theory such as the linear sigma mo
studied here, we expect thatt5O(1)T21, whereT is the
temperature at the time when the chiral symmetry of QCD
restored.

Before concluding, let us speculate about the existenc
an unstableh8 string. In QCD, in the limit of massles
quarks, there is an additionalUA(1) chiral symmetry. This
chiral symmetry, when broken by the quark condensate,
dicts the existence of a Goldstone boson. There is, howe
no such light meson. This is resolved by the Adler-Be
2-2
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Jackiw UA(1) anomaly together with the properties of th
non-trival vacuum structure of non-Abelian gauge theory
particular QCD. TheUA(1) symmetry is badly broken by
instanton effects at zero temperature.

As the density of matter and/or the temperature increa
it is expected that the instanton effects will rapidly disapp
@2,7#, and one may have an additionalUA(1) symmetry@in
addition toSUL(2)3SUR(2)] at thetransition temperature
of the QCD chiral symmetry.1 When theUA(1) symmetry is
broken spontaneously by the quark condensate, anh8 string

1Recent lattice simulations indicate qualitatively, however, t
the UA(1) symmetry may not be completely restored at the te
perature of the QCD chiral phase transition, but only at a somew
higher ~possibly infinite! temperature@8# ~for calculations in the
context of instanton models, see@9# and@10#!. Thus, theh8 string is
similar to the axion string.
al

y

ys
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results. If theUA(1) symmetry is exact above the QCD ch
ral phase transition, then, as long as the effects of instan
can be neglected, theh8 string is topologically stable. The
h8 string can form during the chiral phase transition of QC
In the setting of cosmology, it may exist during a speci
epoch below the QCD chiral symmetry breaking temperat
during the evolution of the universe. In the context of heav
ion collisions, it may exist in the plasma created by the c
lision during a period shortly after the cooling of the inte
action region below the symmetry breaking scale. T
strings then become unstable as the temperature decre
and when the instanton effects become substantial.

We thank Jin Hong-Ying and Cao Jiun-Jie for discussio
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ported in part by National Natural Science Foundation
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